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Abstract. In this paper, by using the Bochner technique on al- 
■ most Hermitian manifolds, we obtain a complex Hessian compar- 

^0 1 ison for almost Hermitian manifolds generalizing the Laplacian 

comparison for almost Hermitian manifolds by Tossati, and re- 
prove a diameter estimate for almost Hermitian manifolds by Gray. 
Moreover, we obtain a sharp eigenvalue estimate on quasi Kahler 
manifolds and a sharp Hessian comparison on nearly Kahler man- 
ifolds. 



1. Introduction 

A triple (M, J, g) is called an almost Hermitian manifold if J is an 
almost complex structure and g is a J-invariant Riemannian metric. 
There are two connections, one is the Levi-Civita connection and the 
other one is the canonical connection, on almost Hermitian manifolds, 
that play important roles on the geometry of almost Hermitian mani- 
folds. The canonical connection is an extension of the Chern connection 
[5] on Hermitian manifolds. It was first introduced by Ehresmann- 
Libermann [8]. 

Geometers were used to use the Levi-Civita connection for the study 
of the geometry of almost Hermitian manifolds, see for example [12~| [T3| 
EH E51 E]- However, later researches show that canonical connection 
is useful for the study of the geometry of almost Hermitian manifolds. 
For example, canonical connection is crucial for the study of the struc- 
ture of nearly Kahler manifolds in J22j[23j[2]. In [27], Tossati, Weinkove 
and Yau used the canonical connection to solve the Calabi-Yau equa- 
tion on almost Kahler manifolds. The problem Tossati- Weinkove- Yau 
considered is part of a program proposed by Donaldson [7J E] on sym- 
pletic topology. In [26] , Tossati obtained a Laplacian comparison result 
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about the canonical connection on almost Hermitian manifolds using 
the second variation of arc length and obtained a Schwartz lemma on 
almost Hermitian manifolds which is a generalization of the Schwartz 
lemma by Yau [28] . 

In this paper, by applying the same Bochner technique as in [T9], 
we obtain a Hessian comparison on almost Hermitian manifolds which 
generalises Tossati's Laplacian comparison [26]. More precisely, we 
obtain the following result. 

Theorem 1.1. Let (M, J, g) be a complete almost Hermitian manifold 
with holomorphic bisectional curvature bounded from blow by —K with 
K > 0, torsion bounded by A\ and the (2,0) part of the curvature tensor 
bounded by A 2 . Then 



within the cut-locus of o. 

Moreover, with the same technique, we obtain the following sharp 
diameter estimate for almost Hermitian manifolds. 

Theorem 1.2. Let (M, J,g) be a complete almost Hermitian manifold 
and the quasi holomorphic sectional curvature is not less than K > 0. 
Then d{M) < n/y/K. 

In fact, the above diameter estimate was disguised with a seemingly 
different curvature assumption in [13] ■ However, one can show that 
the two curvature assumptions are the same by using the curvature 
identities derived in [29]. The same diameter estimate for Hermitian 
manifolds was also obtain in [3J. 

Furthermore, by using a similar technique as in Futaki JTU], we have 
the following first eigenvalue estimate on almost Hermitian manifolds. 

Theorem 1.3. Let (M, J, g) be a compact quasi Kahler manifold with 
the quasi Ricci curvature bounded from below by a positive constant K . 
Then Ai > IK, where \\ is the first eigenvalue of (M,g). 

Finally, we obtain a sharp Hessian comparison on nearly Kahler man- 
ifolds which generalizes some results in [191 122] on Kahler manifolds. 

Theorem 1.4. Let (M, J, g) be a complete nearly Kahler manifold and 
o be a fixed point in M . Let B (R) be a geodesic ball within the cut- 
locus of p. Suppose that the quasi holomorphic bisectional curvature on 





Hessian comparison and eigenvalue comparison 



3 



B (R) is not less than K where K is a constant. Then 
(1.2) 

( ^^cot(^I^p)(g a p-2p a p^ + V2Kcot(V2Kp)p a p $ (K > 0) 

Pap < < lidap-PaPp) (K = 0) 

( y/-K/2coth(y/-K/2p)(g a p - 2p a p B ) + ^2K coth(y/=2K p)p aP p {K < 0) 

m B a (R) with equality holds all over B Q (R) if and only if B a (R) is 
holomorphic and isometric equivalent to the geodesic ball with radius R 
in the Kdhler space form of constant holomorphic bisectional curvature 
K , where p is the distance function to the fixed point o. 



2. Hessian comparison and diameter estimate on almost 

Hermitian manifolds 

we first recall some definitions and known results in almost Hermitian 
geometry. 

Definition 2.1 ([20l [211 [11]). Let (M, J) be an almost complex man- 
ifold. A Riemannian metric g on M such that g(JX, JY) = g(X,Y) 
for any two tangent vectors X and Y is called an almost Hermitian 
metric. The triple (M, J, g) is called an almost Hermitian manifold. 
The two form u g = g(JX, Y) is called the fundamental form of the 
almost Hermitian manifold. A connection V on an almost Hermitian 
manifold (M, J,g) such that Vg = and VJ = is called an almost 
Hermitian connection. 

Note that the torsion r of the connection V is a vector-valued two 
form defined as 

(2.1) t(X, Y) = V X Y - V Y X - [X, Y). 

An almost Hermitian connection is uniquely determined by its (1,1)- 
part. In particular, there is a unique almost Hermitian connection 
with vanishing (l,l)-part. Such a connection is called the canonical 
connection which is first introduced by Ehresman and Libermann [8]. 

Definition 2.2 ( {2TJI [2"T] ) . The unique almost Hermitian connection V 
on an almost Hermitian manifold (M, J, g) with vanishing (1, l)-part of 
the torsion is called the canonical connection of the almost Hermitian 
manifold. 

For sake of convenience, we adopt the following conventions in the 
remaining part of this paper: 

(1) Without further indications, the manifold is of real dimension 

2n; 
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(2) D denotes the Levi-Civita connection and R L denotes its cur- 
vature tensor and "," means taking covariant derivatives with 
respect to D; 

(3) V denotes the canonical connection,/? denote the curvature ten- 
sor of V and " ;" means taking covariant derivatives with respect 
to V. 

(4) Without further indications, English letters such as a, b, c etc 
denote indices in {1, 1,2,2, - - • ,n, n}; 

(5) Without further indications, %, j, k etc denote indices in {1, 2, • • • , 

(6) Without further indications, Greek letters such as A,/i denote 
summation indices going through {1, 2, • • • ,n}. 

Recall the definition of curvature operator: 

(2.2) R(X, Y)Z = VxV Y Z - V Y V X Z - V [X , Y ]Z. 
The curvature tensor is defined as 

(2.3) R(X, Y, Z, W) = (R(Z, W)X, Y) . 

Fixed a unitary (1, 0)-frame (ei, e 2 , • ■ ■ , e„), since VJ = 0, we have 

(2-4) R ijab = R/ ab = 

for all indices i,j and a, b. Moreover, similarly as in the Riemannian 
case, we have the following symmetries of the curvature tensor: 

(2.5) Rabcd = —Rbacd = —Rabdc 

for all indices a, b, c and d. Recall that R' ab = g^ x R\p, ab and R'-j = 
g^Rijxp, are called the first and the second Ricci curvature of the almost 
Hermitian metric g respectively. 

The following first Bianchi identities for almost Hermitian manifolds 
are frequently used in the computations of the remaining part of this 
paper. One can find them in f2~7\ ¥2U\ |2"U] . 

Proposition 2.1. Let (M, J, g) be an almost Hermitian manifold. Fixed 
a unitary frame, we have 

(1) Rfjkl ~ Rkjil = T i k .j ~ T ik T fx> 

(2) Rfjkl ~ RiTkj — T h. k ~ T l\ T ' X ' 



ijkl L Hlkj 1 ji-k 'kX'jP 

(3) Rfjkl - Rkii] = T \ k .j + T ]i- k - T k\ T fi - T ik r -j\> 

(4) Rijki^-iij + ij^. 



The following general Ricci identity for commuting indices is also 
frequently used in the remaining part of this paper. One can also find 
it in [9]. 
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Lemma 2.1. Let M n be a smooth manifold, and E be a vector bundle 
on M. Let D be a connection on E and V be a connection on M with 
torsion r. Then 

D 2 s(X, Y) - D 2 s(Y, X) = -R(X, Y)s + D t(xx) s 

for any cross section s of E, and tangent vector fields X and Y. 

Directly by the Ricci identity above, we have 

(2-6) = f 3i 

and 

(2-7) fv-fn = ^fx + ^h 

on almost Hermitian manifolds. 

Moreover, recall the following comparisons of geometric quantities 
for the Levi-Civita connection and the canonical connection on almost 
Hermitian manifolds. 

Lemma 2.2 ( [Hi [27J [9] ) . Let (M, J, g) be an almost Hermitian mani- 
fold. Then 

(D Y X - VyX, Z) = 1 «r(X, Y), Z) + (r(y, Z),X)- (r(Z, X),Y)) . 

By using Lemma 12.21 directly, we have the following comparisons of 
the Hessian and divergence operators with respect to the Levi-Civita 
connection and the canonical connection. 

Lemma 2.3. On an almost Hermitian manifold, fixed a unitary frame, 
(2-8) Lj-L, ^(r!j x • r; A ./ A ) 

where 7 means taking covariant derivatives with respect to the Levi- 
Civita connection. 

Lemma 2.4. On an almost Hermitian manifold, fixed a unitary frame, 

(2.9) f l3 - f M = \{T^h + 4h + + r} x h) 

where ', ' means taking covariant derivatives with respect to the Levi- 
Civita connection. 

Lemma 2.5. On an almost Hermitian manifold, fixed a unitary frame, 

(2.10) Af-A L f = riJx + 4h 

where A L is the Laplacian operator with respect to the Levi-Civita con- 
nection. 
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Lemma 2.6. Let X be a vector field on an almost Hermitian manifold 
M and fixed a unitary frame. Then 

(2.11) divX - div L X = X M. + X'wl 

where divX = X\ + X% is the divergence of X with respect to the 
canonical connection and div^X is the divergence of X with respect to 
the Levi-Civita connection. 

The same as in Tosatti [26], we make the following definition about 
the bound-ness of the curvatures of an almost Hermitian manifold. 

Definition 2.3. Let (M,J,g) be an almost Hermitian manifold. We 
say that the holomorphic bisectional curvature of (M, J, g) is bounded 
from below by K if 

(2.12) R(X,X,Y,Y) > K||X|| 2 ||F|| 2 

for any X, Y G T 1,0 M. We say that the torsion of (M, J, g) is bounded 
by A 1 if 

(2.13) \\r{X,Y)\\<A l \\X\\\\Y\\ 

for any X, Y G T 1,0 M. We say that the (2,0) part of the curvature 
tensor of (M, J, g) is bounded by A 2 if 

(2.14) \R(X,Y,Y,X)\ < A 2 ||X|| 2 ||F|| 2 
for any X, Y G T 1,0 M. 

Let (M, J, g) be an almost Hermitian manifold. We denote its dis- 
tance function to fixed point o as p. Similarly as in Li- Wang [19] , we 
have the follows. 

Lemma 2.7. Fixed a unitary frame (e±, e 2 , ■ ■ ■ , e n ), we have 

(2.15) pijpi + pipij = and p^pj + pip Tj = 0. 

Proof. Note that pipi = |. Hence 

(2-16) = (pipi) a = PiaPi + PiPia- 

□ 

Lemma 2.8. Fixed a unitary frame (e%, e 2 , ■ ■ ■ , e n ), we have 
(2.17) 

PkliPl + PkTiPi 

= ~ PilPik ~ PiTikP\l ~ Pk\ T \lPi ~ PikPiT ~ PXk^Pi - PiT^pxI 

~ (RlXik + T ik T tp)Pxp-i ~ (RkXil + T k„ T Tj)PXPi ~ ( R iXkl + ^ T \T + T ik T ff)P^P 
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Proof. Note that pipi = |. Hence 

(2.18) 

=(pipi)ki 

=PikPll + PuPik + PikTPi + PikTPi 

=PikPlT + PiTPik + (pki + r^px + Tif-Pxj Pi + PkiTPi 

=PikPii + PaPlk + (Pkil + T LjPx + r t x k p X i + T t x k . lP - x + T x k p- X ^j pi 

+ (PkTi + RkXTlPX + TfiPkX + TlxPk\) Pi 

=PikPlT + PiTPik + {pkTi + RkMPx + ^ik-jPx + ^k-JPx + T ikP\T + ^ikP\l)Pi 

+ (Pku + RkMPx + T±pk\ + rf T p k - x ) Pi 
=PikPiT + PuPik + [PkTi + RfXkTPx ~ ^kiPx + (RlXik + T T X fi T ?k)px + TikPxT 

+ T ik{prx + + T ^Pp)]Pi + (PkU + RkMPx + rfjpkx + T+p kX )pi 
HpkTiPi + PktiPi) + PiTPik + PvtkPxT + PkX^Pi + PikPiT + PkxrfiPi + PlT^pfx 

+ RTxikPxPi + RkxlTPxPi + RiXkTPxPl 
= (pkTiPi + PkTiPi) + PiTPik + Pl^kPxT + PkiTPi + PikPiT + (pxk + r£ x p^ + r^p^rjpi 

+ Pi T ik(pxT + T rxP» + T TxPT^ + RiXikPxPi + RkXiTPxPi + RfxkTPxPl 
= (pkTiPi + PkTiPi) + PiTPik + PiTikPxT + PkX^Pi + PikPiT + pXkTjipi + piT^PxT 

+ {RlXik + T ik T T0PxP~i + (RkXU + T t T ll)PxPi + {RfXkT + t 1^t + T ik T tf)PxPi 

where we have used Proposition 12.11 and Lemma 12.11 This completes 
the proof. □ 

Theorem 2.1. Let (M, J,g) be a complete almost Hermitian manifold 
with holomorphic bisectional curvature bounded from blow by —K with 
K > 0, torsion bounded by A± and the (2,0) part of the curvature tensor 
bounded by A 2 . Then 



(2-19) Pi] < 



-+ ({4y/K + 3)Al + 2A 2 + K)* 
P 
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within the cut-locus of o. 

Proof. Let 7 be normal geodesic starting from o. Let (ei,e 2 , ■ ■ • , e n ) 
be a parallel unitary frame along 7. Let X = (p k i), A = (p x T l Xk ), B = 
(PS), C = {r XI px), D = ({R kXP T+ T^T^)p x p v ) and£ = ({R^xkT + T kv T \T + T fik T Tu)P x Pp) 
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Then, by Lemma [2.81 we know that 



dX 
dp 



+ X 2 + AX + XA* 



(2.20) = -B*B-B*C-C*B-(D + D*)-E 

= - (B* + C*){B + C) + C*C — (D + D*) 
<C*C-(D + D*)-E. 

Moreover, for any column vector u, we have 



(2.21) 
(2.22) 



u*C*Cu = \\Cu\\ 2 < -Al\\u\\ 2 , 



/2 U k R k\vlP\Pv 



Ul 



k,LX,u=l 



< -A 2 \\u\\ 2 , 



k,l,[i,v,X=l 



(2.23) 



< 



< 



E 

n 

E 

A,At=l 



Y U k T k^P\ 



k,X=l 



2\ 2 



E 

,M=1 



E 

u,l=l 



Y UkT t 



k=l 



\ 1 



X=l 



It 



n 



- 2 in II 



So, 
(2.24) 

Furthermore, 



- u*(D + Z7> < (A 2 + V^A\)\\u\ 



1 

(2.25) - Y ^RxmPxP^i < -K\\u\\' 

k.l,X,p,=l 

and, similarly as in (I2.23j) 



(2.26) 
Hence 

(2.27) 



M T kAi+ T Hknp)p^pfi u i\ < VnAj 



2||„,||2 



\u\ 



u 



"Eu < + \fnA\\ 



\u\ 
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Combining (l2Tm ( l2T2TT) .( l2T241 and (12T2TD . we get 

dX 

(2.28) — + X 2 + AX + XA* < 
dp 



\2Vfi+^) A\+A 2 + \k 



In- 



Moreover, by Lemma 12.31 and that 

1 



PM (Ski- PkPi) 

P 



(2.29) 

as p — > + (See for example [25]), we have 

1 y/2 



(2.30) 

as p — > + . 
Let Y = 



X < 



P 



A 1 \I n 



i + ((4^ + 3)^ + 2^ + K) 

(A + A*) > -V2AJ n 

and (I2.28p . we have 
(2.31) 



I n , noting that 



dY 
dp 



+ Y 2 + AY + YA* 



1 

P 2 



-+ ((4 V ^ + 3)A 2 1 + 2A 2 + KY 
IP 



+ 



+ ((A v ^ + 3)A 2 l + 2A 2 + Ky 



(A + A*] 



> 



((4Vn + 3)Aj + 2A 2 + K) - V2A 1 ((4^n + 2>)A\ + 2A 2 + K) ' 



> [((4Vn + 3)A? + 2A 2 + K) - ((4Vn + 3) A? + 2A 2 + K) /2 - A?] !„ 
2v^+0 A?+A 2 + i^ 

where we have also used that y2xy < x 2 + y 2 /2. 
Moreover, 

(2.32) y > X 

as p — > + by (I2.30p . By comparison of matrix Ricatti equations [24] . 
we have 



(2.33) 



< Y{P) 
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for all p with in the cut-locus of o. This completes the proof of the 
theorem. □ 



In the following, we give a diameter estimate for almost Hermitian 
manifolds. We first extend the notion of quasi-holomorphic sectional 
curvature in [3] for Hermitian manifolds to almost Hermitian manifolds. 

Definition 2.4. Let (M,J,g) be an almost Hermitian manifold. Let 
X be a real unit vector on M. Define the quasi holomorphic sectional 
curvature QH(X) as 



Remark 2.1. When the complex structure is integrable, the definition 
of quasi holomorphic sectional curvature is the same as that in [3]. 

Theorem 2.2. Let (M, J,g) be a complete almost Hermitian manifold 
and the quasi holomorphic sectional curvature is not less than K > 0. 
Then d(M) < n/VK. 

Proof. Fixed a unitary frame (ei, • • ■ , e n ), using Lemma |2~7T1 and the 
eighth equality of (12.181) inLemma \'2.S\ noting that r and R are both 
skew symmetric, we have 



(2.35) 
j- p {PkTPkPl) 

=(pkipkpi)ipi + (pkipkpiYipi 

= (pkliPi + PkTiPi)PkPl + Pkl(pkiPi + PkiPi)pl + PklPkiphPi + PfiPi) 

= - (pilPlk + PutkPxi + Pkx^Pi + PikPii + PkxTjiPi + PiTi k pT\ 

+ RlXikPlPi + RkXilPXPi + RfXklPXpi)PkPl + PklipikPi + PikPi + T kiP^Pi + T FiP~xPi)pi 

+ PkiPkipiiPi + T uPxpi + T ilPxPi + PiiPi) 
= ~ (pilPlkPiPk + PikPuPkPi) - RfjkiPiPjPkPi + PkiTkiPx + r^Px)PiPi + PkiPk( r uPx + TuP^n 
= ~ [PilPlkPiPk + (-Pkpik + TipxPk + T^PxPkX-PiPa + T iiPxpi + r^pxpi)] 

~ RfjkiPiPjPkPi + Pkl{ T kiP* + T WiPx)piPl + PklPk( T hPX + TuPx)pi 
= - ZPkiPilPlPk - {TikPxPk + l~i k PxPk){l~TlPXPl + t^PxPi) 

- RfjkiPiPjPkPi + Zpkiir-kiPx + T^px)PiPi + 2pkiPl{TuPx + r l x i p- x )pi- 



n 



(2.34) 




i=2 




e n ) with e 1 = -k=(X 
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Assume that ei = 775 (Vp — y/^lJVp). Then, 

(2.36) Pi — Pi — —/= and p a = p^ = for a > 1. 

v2 

Then, let / = PkiPkPi = Pn/% by (I2.35p . we know that 
dp 

= -4f- ~R im 

(2.37) - Ed^l 2 - 2 MPh(^\ + ^\)/v / 2} + + 7- 



Al 2 ) 



i=2 



<-4/ 2 -i(i?mi-^l^ + 4l 



4 

j=2 



4 



Moreover, by Lemma [2.31 we have 

(2.38) pMpm = P,kTPkPi + \{ T i\P\ + Tr x p\)p- k pi = p,kiPkPi ~ j- p 
as p — > 0. By comparison of Riccati equation [21], we know that 



(2.39) f<^cot(VKp). 

Hence, by a classical argument (See for example [H]), we get the con- 
clusion. □ 

Remark 2.2. The diameter estimate above was disguised with a seem- 
ingly different curvature assumption in [13]. Indeed, using the curva- 
ture identities in [29] , one can find that the two curvature assumptions 
in [13] and in the above are the same. 



3. First eigenvalue estimate for quasi Kahler manifolds 

In this section, we give a sharp first eigenvalue estimate for quasi 
Kahler manifolds. We first recall the definition and some properties of 
quasi Kahler manifolds. 

Let (M, J) be an almost complex manifold. Since J is not necessary 
integrable, the exterior differentiation da of a (p, g)-form a on an almost 
complex manifold (M, J) has four components: (p— 1, q+2) component, 
(p, q + l) component, (p + l,q) component and (p + 2,q — 1) component. 
We denote the (p — l,q + 2) component of da as Aa, the (p, q + 1) 
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component as da, the (p + 1, q) component as da and the (p + 2, q — 1) 
component as Aa. 

Definition 3.1. An almost Hermitian manifold (M,J,g) is called a 
quasi Kahler manifold if du g = 0. 

The following criterion for quasi Kahlerity is well known. 

Proposition 3.1 (|20[|2T]). Let (M, J, g) be an almost Hermitian man- 
ifold. Then, it is quasi Kahler if and only if = for any i,j and 
k. 

Applying Proposition 13 . 1 1 to Lemma r2.3[ Lemma 12.51 and Lemma \2. 61 
we have the following corollary. 

Corollary 3.1. Let {M,g, J) be a quasi Kahler manifold. Then fq = 
f q, Af = A L f and divX = div L X . 

Because A coincides with A L , by the same technique as in [10J, we 
have the following estimate of the first eigenvalue which generalizes the 
eigenvalue estimate on compact Kahler manifolds. Before stating the 
first eigenvalue estimate, we need the following definition of quasi Ricci 
curvature. 

Definition 3.2. Let (M, J, g) be a quasi Kahler manifold and let 
(3.1) TZ i3 = R i]x - X - i(r| A rJ + r^rg) - 

We call TZfj the quasi Ricci curvature of the quasi Kahler manifold. 

Theorem 3.1. Let (M, J,g) be a compact quasi Kahler manifold with 
the quasi Ricci curvature bounded from below by a positive constant K . 
Then Ai > IK, where \\ is the first eigenvalue of (M,g). 

Proof. Let / be an eigenfunction of —A with eigenvalue Aj. That is 



(3.2) 



A/ = -\xf. 
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Then, fixed a unitary frame (ei,e2, ••• ,e n ), using the Lemma I2.ll 
Corollary 13.14 Proposition I3.ll and Proposition I2.14 we know that 

(3.3) 
-Ai / ||V/|| 2 

J M 



2Xl / fifi 
J M 

2 / ffjifl + 2 / fjjifi 



M 



M 



= 2 / (fjij — Rj\ijf\)fi + 2 / (/j-jj- — Rj\ijf\)fi 
Jm Jm 

= 2 / (fjifi)] + 2 / (f]ifi)j ~ 2 / /jj/ij - 2 / /jj/ij - 2 / {Rjxijfxfi + RjXijfxfi) 
Jm Jm Jm Jm Jm 



2 / {k+r}j- x )f Tj -2 I (fy+ifrxM 



M 



2 / (/'W - rfpT^fxfi + (R XW - r^r'pfxL 



M 



1 1] I 'jiJAJJIJ 



A 



M 



-4 / fafy + i I He{/^/ A }-4 
'm 



M L 



4 



71/ 



2 V X/i \i Afi jj/ 4 A/i \^ 



fifj 



<-4 / 7?,, /J' 



71/ 



<-2X/ IIV/II' 

Hence 
(3.4) 



Ai > 2fT. 



□ 



For the equality case, we show that the equality can also be achieved 
by non-Kahler manifolds. Let § 6 equipped with the standard almost 
complex structure and standard Riemannian metric. Then, § 6 becomes 
a nearly Kahler manifold. For the this nearly Kahler manifold, Rjq = 
5Sij, and by [2H], Rfj = 0. By the curvature identity 



Rf = R + 1 J r i_ 

A,/x=l 
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in [29], we have 

n 

(3-5) E ^ = 4 <V 

A,M=1 

Therefore, the quasi Ricci curvature 

(3.6) K i3 = Rf, + lj2 T iA» = 

where we have used Lemma 14.21 in the next section. So, the constant 
K in the last theorem is 3. It is clear that the first eigenvalue of the 
standard metric on S 6 is 6. Hence, equality of the last theorem is 
achieved by the nearly Kahler manifold S 6 . 

4. Sharp Hessian comparison on nearly Kahler manifolds 

In this section, by using the Bochner techniques in [T9], we obtain a 
sharp Hessian comparison on nearly Kahler manifolds generalizing the 
results of [HI [25]. 

Recall the definition of nearly Kahler manifolds. 

Definition 4.1. Let (M, J, g) be an almost Hermitian manifold. It is 
called nearly Kahler if (DxJ)X = for any tangent vector X. 

The following lemma is well know, see for example |15j . 

Lemma 4.1. Let (M, J, g) be a quasi Kahler manifold, then 

(4.1) V X Y = D X Y - l -J{D x J){Y). 

for any tangent vector fields X and Y . 

The following corollary is straight forward by the definition of nearly 
Kahler manifolds and the last lemma. 

Corollary 4.1. Let (M, J, g) be a nearly Kahler manifold. Then VjX = 
DxX for any tangent vector field X. 

The following criterion for nearly Kahler manifold is well known, see 
for example [22|[23]. 

Lemma 4.2. An almost Hermitian manifold (M, J, g) is nearly Kahler 
if and only if r-j = and = r l - k for all i, j and k when we fix a ( 1,0)- 
frame. 

Moreover, it turns our that the torsion is parallel for nearly Kahler 
manifolds. 
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Theorem 4.1 (Kirichenko (13 EH]). Let (M,J,g) be nearly Kahler 
manifold. Then Vr = 0. 

Applying Lemma 14.21 and Theorem 14.11 to Proposition 12.11 we have 
the following first Bianchi identities for nearly Kahler manifolds. 

Corollary 4.2. Let (M,J,g) be a nearly Kahler manifold and fixed a 
unitary frame. Then 



. r A A. 
A A_. 
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By (4) of the above corollary, the first Ricci curvature and second 
Ricci curvature for nearly Kahler manifolds coincides, so we simply 
denote them as R^. 

Lemma 4.3. Let (M, J, g) be a nearly Kahler manifold, o be a fixed 
point and p{x) the the distance from x to o. Let 7 be a normal geodesic 
starting from o. Let (ei, e%, ■ ■ ■ , e n ) be a unitary frame parallel along 7 
with respect to the canonical connection with e\ = t^(7'(0) — J7'(0)). 

Then e\ = ^75(7' — \f— L/7O all over the j,Pi = pi = -^,p a = Pa = Q 
for all 1 < a and pn = —pa for alii > 1. with in the cut-locus of o. 

Proof. Note that Vy7' = Dyj' = 0, we know that e\ = -75(7' — Jj') 
all over 7. It is clear that e\ is also parallel along 7 with respect to the 
Leiv-Civita connection. Moreover e\ = ^(Vp — JVp). Hence 

(4-2) Pl = (V P ,e 1 ) = -^=, 

and 

(4.3) p Q = (Vp,e a ) = 

for all a > 1 . By these and Lemma 12. 7\ we know that 

(4.4) Pll = - Pa 

for all i > 1. □ 
Definition 4.2. On a nearly Kahler manifold, define 

(4.5) K{X, X, Y, Y) = R(X, X, Y, Y) + \\r(X, Y) f 
for any (1,0) vectors X and Y . 



16 



Chengjie Yu 



Definition 4.3. Let (M, J, g) be a nearly Kahler manifold, we say that 
its quasi holomorphic bisectional curvature> K if 



(4.6) nX,X,Y,Y)_ > K 

\\X\\ 2 \\Y\\ 2 + \(X,Y)\ 2 ~ 



for any two nonzero (1,0) vectors X and Y . 



Theorem 4.2. Let (M, J, g) be a complete nearly Kahler manifold and 
o be a fixed point in M. Let B Q (R) be a geodesic ball within the cut- 
locus of p. Suppose that the quasi holomorphic bisectional curvature on 
B (R) is not less than K where K is a constant. Then 
(4.7) 

y/K/2cot(y/Kj2p)(g a p - 2 Pa p- p ) + V2K cot(V2Kp)p aP p (K > 0) 

Paf3 < { l(9af3-P a Pp) (K = 0) 

^K/2coth(y^K/2p)(g a p - 2p aPp ) + yf=2K coth( v ^2K P ) PaP0 (K < 0) 



in B a (R) with equality holds all over B (R) if and only if B (R) is 
holomorphic and isometric equivalent to the geodesic ball with radius R 
in the Kahler space form of constant holomorphic bisectional curvature 
K , where p is the distance function to the fixed point o. 



Proof. Let 7 be a geodesic starting from o, and (e±, • • ■ , e n ) be the 
same as in the last lemma. Then, by Lemma H~2l Lemma 12.81 Corollary 
14.21 and Lemma 14.3} we know that 



(4.8) 

PkliPi + PkTiPi 

= ~ PilPik ~ PikPii ~ PXk^pi ~ PiT^Pxi ~ (Rfxkl + rl^j + T^T^pxpi 

- 1 - 1 

= - PilPik - PikPii - X Po*PsT + -Jk(p^t\i + rl kP - x i) - - (Rum + 2r^r^-) 

n \ I U n \ 1 ( n 

= ~ PkiPii ~ PkiPii - X P^Pod + -7= I PakT ii + T "kPai J - 2 R nu + 2 X T ^ T k 

a=2 ^ \a=2 a=2 I \ a=2 
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d 4- + x 2 + X X X{ 

dp 



= - B*B + B*C + C*B + D 
(4.9) =-{B-C)*{B-C) + C*C + D 

<C*C + D 



< 



-K 

— y/n-l 



Then, by the same argument as in [25J, we have 
(4.10) 

m -ot(V2Kp) 

^K/2cot{^K/2p)I n ^ 
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> 0) 
(K = 0) 



— coth(V=2Kp) 0^ \ (K<Q) 

V=^72coth(7=X72p)J n _ 1 ; 1 ; ' 

This is the equality in the conclusion of the theorem. 

If the equality holds, we have pki = -^tIi for fc, Z = 2, 3, ■ ■ • , n. By 
Lemma 12.11 we have 

(4.11) p k i = piu + t£ iP - x = -^=4 + -^Tfc 1 , = 

for all k, I = 2, 3, • • • , n. Hence 

(4-12) 4 = 

for all k, I = 1, 2, • • • , n. In particular, at the point o, we have 
(4.13) 4(°) = ° 



for all i,j and /c. By Theorem 14.11 we know that r = and hence M 
is Kahler. At this position, the same argument in [25], we obtain the 
conclusion when equality holds. □ 

By the Hessian comparison, we have the following direct corollaries. 

Corollary 4.3. Let (M, J, g) be a complete nearly Kahler manifold and 
o be a fixed point in M. Let B Q (R) be a geodesic ball within the cut- 
locus of p. Suppose that the quasi holomorphic bisectional curvature on 
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B (R) is not less than K where K is a constant. Then 



(4.14) 




in B a (R) with equality holds all over B (R) if and only if B (R) is 
holomorphic and isometric equivalent to the geodesic ball with radius R 
in the Kdhler space form of constant holomorphic bisectional curvature 
K , where p is the distance function to the fixed point o. 

By the same argument as in [4] (See also [IS]), we have the following 
comparison of eigenvalues for nearly Kahler manifolds. 

Corollary 4.4. Let (M, J, g) be a complete nearly Kahler manifold and 
o be a fixed point in M. Let B a (R) be a geodesic ball within the cut- 
locus of p. Suppose that the quasi holomorphic bisectional curvature on 
B (R) is not less than K where K is a constant. Then 



where Bk{R) is the geodesic ball with radius R in the Kahler space form 
with constant holomorphic bisectional curvature K. Moreover, if the 
equality holds, then B (R) and Bk{R) are holomorphically isometric 
to each other. 

Corollary 4.5. Let (M, J, g) be a complete nearly Kahler manifold and 
o be a fixed point in M. Let B (R) be a geodesic ball within the cut- 
locus of p. Suppose that the quasi holomorphic bisectional curvature on 
B (R) is not less than K where K is a constant. Then 



where Vk(R) is the volume of Bk{R)- Moreover, if the equality holds, 
then B (R) and Bk{R) are holomorphically isometric to each other. 

Corollary 4.6. Let (M,J,g) be a complete nearly Kahler manifold 
with quasi holomorphic bisectional curvature > K with K > 0. Then 



where CP™^ means CP™ equipped with a Kahler metric with constant 
bisectional curvature K . Moreover, if the equality holds, M is holo- 
morphically isometric to CP™^. 



(4.15) 



Xi(B (R)) < Xi(B K (R)) 



(4.16) 



V (R) < V K (R) 



(4.17) 



V(M) < V(CF n K ) 
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